Proceedings of the 35th.
Conference on Decision and Control
Kobe, Japan + December 1996

WAO6 10:00

Reliable Controller Design for Nonlinear Systems

Guang-Hong Yang*, James Lam™ and Jianliang Wang*

School of EEE, Nanyang Technological University, Singapore 639798
egyang@ntuvax.ntu.ac.sg, ejlwang@ntuvax.ntu.ac.sg

+ Department of ME, The University of Hong Kong, Pokfulam Road, Hong Kong
Ham@hbkuxa.hku.hk

Abstract

This paper addresses the reliable H, control problems
for affine nonlinear systems. Based on the Hamilton-
Jacobi inequality approach developed in the H, con-
trol problems for affine nonlinear systems, a method
for the design of reliable nonlinear control systems is
presented. The resulting nonlinear control systems are
reliable in that they provide guaranteed local asymp-
totic stability and H, performance not only when all
control components are operational, but also in case of
some component outages within a prespecified subset
of control components.

1 Introduction

In recent years, considerable attention has been paid to
the design problems of reliable linear control systems
achieving various reliability goals, and some design
methods have been given by several authors [3,9,12-
14]. In particular, Veillette, Medanic and Perkins [12]
present a methodology for the design of reliable lin-
ear control systems by means of the algebraic Riccati
equation approach from linear H control theory, such
that the resulting designs guaranteed closed-loop sta-
bility and Ho, performance not only when all control
components are operating, but also in case of some ad-
missible control component outages.

In the area of nonlinear H, control, some important
advances have been made by several authors [1,4-6,8-
10,11]. In particular, in [11] it was shown that the solu-
tion of the H, control problem via state feedback can
be determined from the solution of a Hamilton-Jacobi
equation (or inequality), which is the nonlinear version
of the Riccati equation for the corresponding linear H,
control problem in [2]. The solution of the problem in
the case of measurement feedback has also been given
in terms of the solutions of a pair of Hamilton-Jacobi
inequalities in [1,5,8]. For the computational method
to find Taylor series approximations to the solutions of
the Hamilton-Jacobi inequalities, the reader is referred
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to [7] and [11]. The purpose of this paper is to inves-
tigate the reliable H,, control problem for affine non-
linear systems by using the Hamilton-Jacobi inequality
approach.

2 Problem formulation

Consider an affine nonlinear system X described by
equations of the form

f@) + g1 (@)wo + > g2 (z)u;

T = 1
. =1
i = hz,,(l')-l-’u)“ = 1,2;---7‘1 (2)
h1 (:U)
ug
z = (3)
Um

where x is a state vector defined on a neighbourhood
X of the origin in R*, u = [u; uz... upm]? € R™
denotes the control input, w, = [w wi... w7 €
R™ the disturbance input, z € R® the output to be
regulated, ¥ = [y1 v2... g7 € R? the measured
outpus, f(z),g1(x),h1(z),925(x)(j = 1,...,m) and
hai(z)(i = 1,...,q) are known smooth mappings de-
fined in a neighbourhood of the origin in R™, and
F(0) =0, hy(0) = 0 and hy(x) =0 (i = 1,...,9).
Denote

(4)

g2(z) = [ ga1(a) ga2(2) gam(z) ]

ho(z) = [ has(@) haz(a) ... hag(@3]7  (5)
Let Q, ¢ {1,2,...,m} and 2, C {1,2,...,q} corre-
spond to a selected subset of actuators susceptible to
outages and a selected subset of sensors susceptible to
outages, respectively. Then, the problem considered in
this paper is as follows:

Given the system ¥ described by equations (1)-(3) and
a positive constant v, find a controller K with the fol-



lowing form

€ = a(®) +b(y
w) = 8 ©)

where £ € RV, such that for actuator outages corre-
sponding to any w, C €,, and sensor outages corre-
sponding to any w, C §2;, the resulting closed-loop
system is locally asymptotically stable, and has a local
L4 gain which is less than or equal to 7.

I

For w, C Q4 and w; C 4, introduce the decomposition

g2(z) 92w, () + 922, ()
U = Uy, +Ug,
ho(z) = haw,(x) + hog,(2)
Yy = Yo, +Ya,
w = [w Wy ]T=ww,+w¢3.
bz) = [bi(z) ba(z) by(2) |
by, () + b, (z)
where
920, (@) = [ b, (Dgar(z) 84, (2)g22(2)
0ua(M)gam(z)]  (7)
U = [ bua(Dur b, (2)uz bu(mum 17 (8)
hzw, (.’L‘) = [ éw‘ (1)h21 (:B) 6w‘ (2)h22($)
Bu, (Mhag(@)]  (9)

8o (e 17 (10)

Su,(@wg |7
(11

Yo. = [ S0 (D1 6, (2)y2
We, (:L') = [ Jw,(l)wl 5w. (2)7”2
bu, (z) = [ 8, Mb1(z)  bu,(2)b2(z)
8w, (9)by ()]

with 4,, and 4, defined as follows:

(12)

N1, ficws
5%(1)}—{ 0, ififwa
N[ 1, fi€w,s
6w,(z)—{ 0, ifiguw,

Applying the controller K of (6) to the system X, when
actuator and sensor outages corresponding to w, C (g
and w; C §,, occur, the resulting closed-loop system
Yy, w, is given by

:z',: = f(z)+ 920.(z)ca, (&) + ;1(x)wo  (13)

£ = a(f) + by, (E)ya,
= a(€) + by, (§)h2a, () + ba, (§)wa, (14)
R a9

113

The goal is to select the functions a(£), b(§) and
¢(€) such that for any w, C §, and w; C Qs
the system X, ., is locally asymptoticallystable, and
is locally dissipative with respect to the supply rate
s(Wra,, %0.) = Vllwra, |I? — ||z, ||?, where

]T
Next section will present a design procedure for the
reliable controller design problem.

T

wg  wl

Wy, = [ wl (16)

The following two inequalities are obvious, and will be
used in the sequel.

920.(2)93.,, (2) < 9202, (2)g30, (2) for wa C Q& (17)
haw, (Z)h3,, (z) < hag, (x)hiq, (z) for w, C Qs (18)

3 Main results

In order to describe the main result of the section, we
first recall a notion of detectability.

Definition 3.1 [4]: Suppose f(0) = 0 and h(0) = 0.
The pair {f,h} is said to be locally detectable if there
ezists a neighbourhood U of the point = 0 such that, if
z(t) is any integral curve of & = f(z) satisfying z(0) €
U, then h(z(t)) is defined for all t > 0 and h(z(t)) =0
for all t > 0 implies lim;_, o, (¢) = 0.

Define the Hamiltonians H,(z,p) and Hy(z,p) as fol-
lows

H,(z,p) = p* f(z) + hT (z)h1(z) + ¥*h3g, (€)haa, ()

1

*1

T (%y @7 (=) - 020, @), (z)) p (19

1 1
Ho(z,p)=p"f (9’)+WPT91 ()9 (z)p+ Zpngm (z)

xg1o, (2)ph] (z)h1(2) — ¥*hig, (@)hag, (z)  (20)
Then the following theorem presents a sufficient condi-
tion for the solvability of the reliable controller design
problem.

Theorem 3.2 Consider the system ¥ described by
equations (1)—(3) and suppose the following:

(i) the pair {f,h1} is locally detectable.

(ii) there exists some C? function ¥(z) > 0 with
¥(0) = 0 such that

(a) there exists a C* positive definite function
V(z), locally defined in a neighbourhood of
z = 0 and vanishing at z = 0, which satisfies
the Hamilton-Jacobi equation

H,(z, I/:;;T) +¢¥(z) =0 (21)



(b) there exists a C® positive definite function
U(z), locally defined in a neighbourhood of
z = 0 and vanishing at x = 0, which satisfies
the Hamilton-Jacobi inegquality
Ho(z,U;) +#(z) <0 (22)
and such that Ho(x,UT) +v(x) has nonsin-
gular Hessian matriz at x = 0.
(c) U(z) — V(z) is positive definite, and
(Us — Vo) L(z) = 27°h3 (z)

has a solution L(z).

(23)

where V, and U, are the Jacobian matrices of V and
U, respectively.
Then, the controller K of (6) with

ae) = £©)+ 5@ OV (O

~ 5920, €)%, OVI(©) ~ LOm(E) 29
be) = L) (25)
of) = —3EEOVIE (26)

is a solution of the reliable controller design problem
for the system ¥ of (1)-(3).

The following preliminaries are required in the proof of
Theorem 3.2.

For the system ¥ described by equations (1)—(3), con-
sider an extended system X, given by

F(@) + [g1(2) 1920, ()]0 + ga(x)u (27)

= hy(z)+w (28)
hy(z)
Z = | 7hag,(z) (29)

Applying the controller K of (6) to the system 3., then
the resulting closed-loop system X is as follow

fe(xe) + Gz )D

hl (.’L’) }

[’Yhzﬂ., (z)
w

c(¢)
éT]T’ W= [u_)g
[f(-’ﬂ) + 92(33)0(5)]
a(€) + b(&)hz(x)

[[gl (x) Y920, ()]
0

(30)

Ze

Z

(31)

where z. = [z7 nr

fe(me)

_ 0
Ge(ze) b(f)]

The closed-loop system £, ., of (13)-(15) can be writ-
ten as

T, = fas(xe)+gas(xe)wrﬁ, (32)
= (2B 9
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where w;.g, is given by (16),

_ | @)+ 920, (®)ca, (§)
faslee) = [a(&) + ba, ()hao, (z) ]
_ [a@ o
stz = |76 1.0

Let X (z.) be a C* function defined in a neighbourhood
of (0,0), and denote

A = T _
Jeo (X, Bee) = Xy folae) + 772

1 _ -
+?y§Xmege(ze)gZ(we)XrZ: (34)
JaN
Jas(X, Ewa,wa) = Xmefas(xe) + Zgazm“
1
+Z-7§Xm=9as($6)ggs(ze)X-’Z: (35)

Then, we have the following lemmas.

Lemma 3.3 For any w, C Q, and w; C Q,, the fol-
lowing ineguality holds

Jas(Xa 2w.,,w,,) < Jce(X> Ece)

(36)

Proof: By equations (30), (31), (32) and (33), we have

J2wa (T)cw, (€) ]

Xo, fas(2e) = Xz, fo(ze) — Xa, [bw, (&)haw, (z)

= Xz, fe(2e) = Xa, {92““(mgc“°(§)]

0
Fec | ()]
< Xo fe(me) + 211_ch {gzwa (.z-)()ngwa (=) 8] XT
+¢5, (€)ew (€) +7°h3,,,

0 0 T
ARG <§)] e,

(z)haw, (=)

1

e Xy [ (37)

4~2

zgazma = hff(w)hl (z)+ cga (&ew, (6)

W @) + T @cl®) = &5, Ocun(®  69)

Xz Gas (a:e)gg; (zG)Xz’i

x, [regf@ o

bo, ()VF, (6)] Xa.
0 ] Xfe

0

X, {91 (@) (2)

0 b€ (€)

0 0 ]X}"

0 be, (BT, (6) (39)

x|



Combining equations (37)—(39), (31
(17) and (18), it follows that

), and inequalities

Jas(X’ Ewa,w.) < Xn:efe(ze) + h?(x)hl (z) + CT(&)C(E)

2, T
th,

1
((E)hzw. (.'17) + mng X

[l @+ Vo) o Ty
0 BEW (@

- 1
S Xmgfe(ze)+zTZ+——2Xz¢ X

0

b(€)bT(€)

[gl(w)y T(z) + v g20. (2)9kn, (z)
0

|
= Jee(X, Xee).

<

Lemma 3.4 Under the assumptions of Theorem 3.2,
the equilibrium = = 0 of the system

¢=f(z>+§¢gx(z>gl @VT (@) - L{z)ha(z) (40)

is locally asymptotically stable.

Proof: Let Q(z) = U(z) — V(z),

Ho(2,Q5) = Q:(f®)+ 3z @l 0V + 3020, )
xg30. (2)V.T) = QzL(z)ha(z)

+ 5 Qelan(@)of () + g, @)oo, ()10

+eT (z)e(z) + #Q,L(z)LT(a})QZ (41)
Then, by equations (19)-(23) and (26), it follows
Hy(z,QY) = Ho(z,UT)~ Hy(z,V,)
= Ho(z,UD)+9(x) <0 (42)

By computing directly, we have

Hy(z, QT)>Qz(f($)+ 91(76)9 { (2)V; ~L(z)ha(2))

1
+¢7 (2)e(@) - 7Vetan. (@)oFn, (VT

+7Qen @] @QE + $7QLE@) L ()]

3291 @] (2)V; — L(z)ha(2))

which further 1mphes from (42) and the condition un-
der which Hy(z,UY) + ¢(z) has nonsingular Hessian
matrix at £ = 0 that the system (40) is locally asymp-
totically stable. <

2 Qa(f(2) + 3
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Lemma 3.5 Under the assumptions of Theorem 3.2,

let Q(z) = U(z) - V(z), X(ze) = V(z) + Q(z — &),
then there exzists a neighbourhood of (x,£) = (0,0) in
which the following inequality holds:

Jee(X, Bee) <0 (43)

Proof. In the extended system X, described by equa-
tions (27)-(29), let Gi(z) = [g1(z) 7g20.(z)] and

3 hi(z) )
h = .

1() e (z) Then, from equation (19), we
have

sz(fv)+hT($)h1(w)+ Va( 2y1(fv)yl (2)—9293 (@) V"

=H@VI) @)
Denote ¢1(z) = 23] (2)V) and f(z) = f(z) +
g(z)e1(z). By equations (23), (41) and (42), it follows
Q. f(2) + €] ()er(z) — 7?3 (2)ha ()
+ Qe @3 ()07

= Hy(z,QT) = Ho(z,U7) + t(z) (45)

Then, from the assumptions of Theorem 3.2, equations
(44) and (45), and the proof of Theorem 3.1 in {5], it
follows that the inequality (43) holds in a neighbour-
hood of (z,£) = (0,0). 4

Proof of Theorem 3.2: By Lemma 3.3, Lemma 3.5, and
Theorem 2 in [11], it follows that for any w, C 2, and
ws C Q, the system X, ,, of (13)-(15) or (32)-(33)
is locally dissipative with respect to the supply rate
s(Wra, s 20,) = V2 llwra, II” = llzo. 1>

In the following, we show that the system I, o, is
locally asymptotically stable.

From J,5(X, T, w,) < 0 and wra, =0, it follows

dX(z.(t))
dt

= —[lha (@@ = lica. (O

This proves that the system X, ,, is stable at the equi-
librium (z, £) = (0,0), and any trajectory satisfying

dX(xe(t)) —
a0

is necessarily a trajectory of
& = f(z) + g20.(T)ca. (§)

such that z(t) is bounded and h; (z(t)) = 0, ¢z, (£(£)) =
0, which further follows from assumption (i) that

= Xz, fas(Te(t)) < z“-, 2o,



limg o0 () = 0. Thus, the w=limit set of such a tra-
jectory is a subset of

M={(z,8: =0, cs,({(t)) =0}

By equation (24), and 0, C @,, any initial condition
on this w-limit set yields a trajectory in which z(¢) =0
for all £ > 0, while £(t) is a trajectory of

é a(€) + bg, (€)haa, ()
1O+ gﬁm O EOVIE)

~ 5920, €)%, OV (©) = LO(©)

£(6) + 570 (T OV (€) = LOha(6)
;m@%U

1)+ 550107 OV () = LOM(©)

By Lemma 3.4, it follows that lim;, £(t) = 0. Thus,
by the invariance principle, the system %,,_ ., is locally

asymptotically stable. <.
In the case of a linear system

= Az + Gwg+ Bu (46)

y = Cr+w (47

¢ = [ﬁ; "“‘] (48)

a solution -of the corresponding reliable controller de-
sign problem is given by the following corollary.

Corollary 3.6 Consider the linear system described by
equations ({6)—~(48) and suppose the following:

(i) the pair (A, H) is detectable;

(i) the following algebraic Riccati equation and in-
equality

ATX + XA- XBg Bf X + ;;Z—XGGTX

+HTH +y*CE Co, =0 (49)
ATY +YA+YBq, By Y + %YGGTY
+HTH - y*CE Cy, <0 (50)

have positive definite solutions X and Y, re-

spectively, and Y > X, where the matrices
«» Ba,, Ca,, and Cq_ have meanings simz’-

lar to those of gaq, (%), 926, (), hoq, (z),

hog, (%) in (19) and (20).
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Denote
1
Gy = [G 7Bq, ], Ku= ;Q'GIX
K = -BTX
L ¥y - X)"teT

Then the controller
3

u

(A+BK + G4 Kz —LO)t + Ly  (51)
K¢ (52)

is a control law such that for actuator outages corre-
sponding to any w, C §s, and sensor outages cor-
responding to any ws; C g, the resulting closed-loop
system is asymptotically stable, and has an H,-norm
bound 7.

Remark 3.7 Comparing with Theorems 4.1 and 4.2
in [12], Corollary 3.6 contains a condition under which
the strictly Riccati inequality (50) has a positive def-
inite solution, which is stronger than the condition in
Theorem 4.2 in [12] under which the corresponding Ric-
cati equation

%YGGTY +HTH
g

ATY +YA+YBqo,BEY +
—7205, Cq, =0
has a positive definite solution, but the asymptotic sta-

bility of the controller given by equations (51) and (52)
is not required in Corollary 3.6.

In the following, we present an example to illustrate
the result of the paper.

Example 3.8 Let the considered system be described
by equations (1)-(3), with n = 1, m = 2,q=1, f(z) =
0, gi(x) = 2, gu(z) = 1, g22(2) = §, ha(e) = 3,
ho(z) = 22, Q, = {2}, Qs =0, v =1 and ¢¥(z) = 0.
Then the Hamilton-Jacobi inequalities (21) and (22)
take the form

V2 (ZL‘2 0

U2(

1) + 4z°
1
16

< (53)

-322 <

0 (54)
It is easy to show that for | z [< &, V(z) = 1—-(1-gz?)%
and U(z) = (2.99)% (2% + 1) ~ 1(2.99)% satisfies the
inequalities (53) and (54), and such that the Hessian
matrix of the left-hand side of (54) is less than zero at
z = 0. Thus, from Theorem 3.2, the controller

£ = @-ga-gyt
__ E+Dra-)E
(299)F(1- )% — (&2 + 13
uy 1-¢)73
] = L]



is such that for the second actuator outage or operat-
ing, the resulting closed-loop system is locally asymp-
totically stable, and has a local Ly gain which is less
than or equal to 1.

4 Conclusions

This paper presents a solution of the reliable controller
design problem for anaffine nonlinear system, and the
solution of the problem is shown to be related to the ex-
istence of solutions of a Hamilton-Jacobi equation and
a Hamilton-Jacobi inequality. The resulting nonlinear
control systems are reliable in that they achieve asymp-
totic stability and H,, performance, not only when the
system is operating properly, but also in case of some
component outages within a prespecified subset of con-
trol components.
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