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EFFECTIVE ESTIMATES ON THE VERY AMPLENESS
OF THE CANONICAL LINE BUNDLE OF LOCALLY
HERMITIAN SYMMETRIC SPACES

SAI-KEE YEUNG

ABSTRACT. We study the problem about the very ampleness of the canonical
line bundle of compact locally Hermitian symmetric manifolds of non-compact
type. In particular, we show that any sufficiently large unramified covering of
such manifolds has very ample canonical line bundle, and give estimates on
the size of the covering manifold, which is itself a locally Hermitian symmetric
manifold, in terms of geometric data such as injectivity radius or degree of
coverings.

Let L be an ample line bundle on an algebraic manifold M. From Kodaira’s
Embedding Theorem, we know that mL is very ample if m is sufficiently large
so that the sections of mL give rise to an embedding of M into some projective
space. A natural question is on the estimates of such m so that mL is very ample.
In particular, one may ask the same question for the canonical line bundle of a
manifold with negative first Chern class, or of general type. Of particular interest
among such manifolds is the class of locally Hermitian symmetric spaces. The main
purpose of this article is to show that for compact locally Hermitian symmetric
manifolds of non-compact type, K is very ample if the injectivity radius of the
manifold is greater than some effective constant which can be estimated in terms
of some geometric data.

Effective estimates for mK = K + (m — 1)K with m > 2 in terms of injectivity
radius have been obtained in [HT] and [Y2]. The difficulty in the case of m =1 can
be seen from the fact that in constructing holomorphic sections from the Bochner-
Kodaira technique, one always need K + L for some extra positivity from L. In [Y2],
it is shown that for a tower of coverings of compact Hermitian locally symmetric
manifolds M;, Ky, becomes very ample when ¢ approaches to co. To compensate
for the extra positivity required for the Bochner-Kodaira technique, we prove our
result by showing that the limit of the Bergman kernel on M; approaches the
corresponding one on the universal covering. However, the limiting process makes
the whole approach highly non-effective and requires an infinite sequence of normal
coverings of the original manifold. The main purpose of this article is to show the
very ampleness of K, for any unramified covering M of M, with injectivity radius
or degree of the coverings greater than some effectively estimable constant. For this
purpose, an alternate approach using heat kernel estimates combined with Atiyah’s
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1388 SAI-KEE YEUNG

Covering Index Theorem is taken to bypass the limiting process. The main difficulty
lies in the uniform control of the trace of all the global holomorphic sections and its
derivatives at each point of the manifold. This delicate point explains the length of
the arguments in Section 3. The main results are stated as Theorem 2 in Section
3, and Theorems 3 and 4 in Section 4.

The arguments of this paper work for other algebraic manifolds whose universal
covering admits a lot of holomorphic functions so that the Bergman kernel is well
behaved. Apart from locally Hermitian symmetric manifolds, the arguments in
particular can be applied to those Kahler manifolds whose Riemannian sectional
curvature is bounded between two negative constants.

The author would like to thank Ngaiming Mok, Yum-Tong Siu and Wing-Keung
To for helpful discussions in the preparation of this article.

1. PRELIMINARIES

Let Vi = AT}, be the space of exterior differential forms on M. Let A; be the
Laplacian acting on V. We have A; = dd* + dd*, where d : AN'T* — A" is given
by

d( Z fir j.dxj" /\”'/\dxj") — Z Md‘y Adxi A A dadi
e L~ Oz
MARRRVE) NEVARTERIV IS
and d* is the formal adjoint of d.

As the principal symbol of A, is a scalar multiple in the sense that oa,(v,v)s =
—g(v,v)s for any local exterior i-form s and v € T*M, the usual construction of
heat kernel can be applied to the heat equation (% + Aj)ki(t,z,y) = 0. The heat
kernel k;(t,z,y) is defined to be Hom(V, V,})-valued functions on (0, c0) x M x M
satisfying the above heat equation and other properties similar to those in ([P],
page 241) and ([Dol], page 489). As the metric h on V induces an isomorphism of
the dual V™ of V' to V, we may identify Hom(V;,V,)) with V; ® V;/. For x =y,
we can then define the trace of a homomorphism in Hom(V}, V) by taking the
inner product with respect to the metric h, which is the same as the trace of the
homomorphism with respect to an orthonormal basis at x. The trace of the heat
kernel T'rk;(t,z,x) is then defined and is the same as its magnitude with respect
to the metric involved.

Lemma 1. Let M be a complete manifold which is the universal covering of a
compact manifold M. Consider the heat kernel k' of the laplacian A; obtained with
the lift of the metric from M. Let T' > 0 be an arbitrary fized number. Then the
heat kernel on M satisfies the following estimates for T >t > 1:
7. d2 (.13, y)
ki (8, 2, )| < exreapl——1—],
where ¢y is a constant depending only on T'.

Proof. This follows from the standard construction of [P], [BGM] and especially
[DoT]. O

Lemma 2. Let l;i(t,:v,y) be the heat kernel of the Laplacian A; on i-forms of a
Riemannian manifold M which covers a compact manifold. Let H; be the space of
harmonic i-forms with L>-norm 1 on M. Let ¢; be an orthonormal basis for H,;.
Let ﬁi(x,y) = 24)7673(,: ¢j(x)®¢;(y). Then, given any § > 0, there is a computable
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constant ro depending only on M such that for all t > r9 and all points x € M,
|Trk;(t,x,x) — TrH;(z,z)| <.

Proof. First we note that as M covers a compact manifold M, and the heat ker-
nel is invariant under isometry, k;(¢,x,x) is bounded for all ¢ > 1. From spectral
decomposition we get

ki(t,:c,y):/ e MdEL ,(N),
U(AI)

where (A;) is the spectrum of A; on M, and the spectral measure dE. ,()) is the
spectral projection valued measure from y to z. Hence

Trki(t,z,2) = / e ML (N) = Tr;(z,z) + / A, (V).
(A;) o(A;)N(0,00)

For € > 0, define F(e,t) = [ (n,n0.0) e MdE, »(\). Note that F(e, 1) is a mono-
tonic increasing function in € and lim._,o F'(¢,1) = 0 as the domain of integration
approaches to an empty set. In fact it is estimated by [Lii] that F(1,€) < c——=— g( )

for some controllable constant ¢ > 0.
Now given any § > 0, we can find an € > 0 such that

F(e,1) = / e ME, ,(\) <
o(A;)N(0,€)

X > ¢ implies that e~ < e~5te~3¢, and hence

e 4 e
/ e MAE, »(\) < e 2'Trky(z,z,2) < e 2'C.
(B0)Nfe,00) 2

N |

If t is chosen to be so large that e~ 2% < g, we conclude that

\Trki(t, z,x) — TrH;(z,z)|

= / e ME, ,(\) + / e MdE, »(\) < 6.
o(A;)N(0,€) a(Aq)N[e,00)

O

Lemma 3. Let M be the universal cover of a compact manifold M whose sectional
curvature is bounded from below by —b and the eigenvalues of the curvature operator
are bounded from above by by. Let T' > 1 be a fixed number. There exists a constant
¢ = c(T) such that if the injectivity radius T = T(M) of M satisfies T > ¢, then for
allOStSTcmdxeM

72
12t)
for all points x € M. Here ¢(T') depends only on the curvature bounds.

|Trki(t, z,x) — Trki(t, =, z)| < exp(—

Proof. The idea is similar to the arguments in [Dol]. It essentially follows from the
fact that

ki(t,z,x) = Zktx'yx)fktxx Z k‘t:c’yx
yer ~yelr—{1}

in the sense of uniform convergence, and estimates of the second term above from
Lemma 1. ([l
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2. EFFECTIVE ESTIMATES ON THE BERGMAN KERNEL

Proposition 1. Assume that the L? cohomology group of the universal covering
M of M satisfies 711(]\2) =0 for 0 <i<n-—1, where n is the complex dimension
of M. Then, given any € > 0, there exists r = r(e), depending on M, such that the
estimates

|TrH;(z,z)| <€
hold for all x € M if the injectivity radius satisfies T > r.
Proof. Let T = ry be the constant given by Lemma 2, so that for ¢t > T
|Trk;(t, @, z) — TrH(x,z)| < 6.
Let ¢(T') be the constant in Lemma 3. Choose r2(T) = max(c(T), \/—12T (log §)+1)

so that exp(— (gT ) < & and hence |k;(T, z,z) — ki(T, z,z)| < & for 7 > ro(T). Let

r3(T) = max(T, c(T),r2(T)). Then for 7 > r3(T"), we conclude that
0<TrH;(z,z) <Trki(rs,z,x)
< |Trki(rs, , @) — Trk;(rs, z, )| + |Trk;(rs, ¢, ) — TrH;(x, z)| + TrH;(z, z)
<26

This concludes the proof of the proposition (we choose e = 2¢). O

Theorem 1. Assume that the L2 cohomology group of the universal covering M
of M satisfies hy(M) =0 for 0 <i <n —1. Suppose M is a holomorphic covering
of M,. Assume that vol(M,) =V, is given. Given any « > 0, there is a constant
r, depending only on M and V,, such that

|TrH,(z,z)] > (1 — a)|TrH,(z,z)|
for all x € M if the injectivity radius satisfies T > r.
Proof. Consider the Euler characteristics x(M) = Y -, hi(M ) on M and the L2-

analogue on the universal covering M, x(2) (M) = S hl( ). Atiyah’s Covering
Index Theorem [A] implies that (M) = X(2) (M) and hence

(a1

SM

Recall that h'(M) = [,, TrH;(z,z) and hi( = [y, TrH;(z,x), where the sec-
ond integral is taken over a fundamental domain of M on M. Since the Galois
transformation group on M corresponding to the covering map of M to M, is a
biholomorphism and the Schwarz kernels are invariant under biholomorphism, this
can also be rewritten as

/M,, (TrH™(M) —TrH"(M)) = ; /MO TrH (M

On the other hand, it follows from the previous proposition that

|z§ /MO TrH (M)| < [§]ev
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if 7(M) > r(€). We also note that H"(M)(x,z) is invariant under biholomorphism
on M, and hence is a contant function.

Let x € M be any point. Without loss of generality, we may assume that the
injectivity radius of M, 7(M) > 1. Let o < 1. Let B,(x) be a ball of radius o
around z. Consider a complex geodesic coordinate in a normal neighbourhood of
z. In terms of the Euclidean coordinates, consider the Euclidean metric g%, which
agrees with our metric g up to second order at z, so that g¥(z) = g(z) + O(|z|?).
There exist two Euclidean balls of optimal radius (o) and 7 (o) respectively so
that Bg(g) (x) C Bo(x) C BTEz(U) (x), and as o < 1, we can find absolute constants

ai,as so that
alvolE(Bg(a) (x)) < wold(By(z)) < agvolE(Bﬁ(a) (x)),

the constants depending only on the curvature bound.
Recall that

N N
H'(M)(@.2) = 3 s> = 3 Ifule) b,

where s; = fidz! A--- Adz™ is an orthonormal bases of holomorphic n-forms, and
h is the metric of the canonical line bundle. We have 0 < e; < h < ey for some
constants eq, ea on B, (z) depending only on the curvature bounds of M. From our
earlier lemma, we conclude easily that

H"(M)(z,x) < H"(M)(z,x) = ¢

for all . Hence we conclude that Zivzl |fi(z)]? < - From Cauchy’s integral

formula we get
rw= [ L
do(z) S

and hence

N
V()2 = fis)fi(@)
Siwner = 1f S EIE

i

|fi(s)]* + |fi($)|2d8
/aa< >Z

IN

- 20
3
2me

€1

It follows that the Euclidean derivative of Zf\il |fi(y)|? is bounded by %C for
all y € B,(z), and hence, by direction integration from z to y along a real straight
line segment,

N N 4me
Z [fi(y)” < Z |fi(2)” + 6—1|y —al.
=1 =1
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Suppose now that ||H™(M)(x,z)|| <n. Then

/ 7 (M) ()|l
B, (I)

[ 0D p)edes
B, ()

N
- / SO i) Pdoye
Bo(z) j=1

N
4mces
< fi(z)|? + ——=—rs]dv,e
/Ba(x);H () (n+1)er 2ldvy
4mces
= —_ [(B,
1+ G T 2 lvel(B2)

We conclude that

| anld, ~ /M D)+ /B H™ (M) (y.)
o—Bo(2)

o o(x)

4rces

< o lBax AN,
(Vo = vol(Byw e + 1+ 7 fyaes

ro]vol(By).
On the other hand, by our previous constructions, we have
| a0l = Vie .

Hence
4mces €
To| — .
(n+1)are; vol(By)

n>c—|

Recall that 7o = 72(0) is the the radius of the smallest Euclidean ball at « containing

B, (z). Choose ¢ and hence 7y so small that ¢ — [mﬂ%m] > (1 — §)c. Then

5y < ¢ Now from the previous lemma, we can find €

vol(Bs)
satisfying the latter condition if the injectivity radius 7 of M is sufficiently large.

This concludes the proof of the theorem. O

choose € so small that

3. EFFECTIVE VERY AMPLENESS

First we prove the following lemma.

Lemma 4. In the same notation as in Theorem 1, assume that the Bergman ker-
nels H™(x,y) of M and H™(z,y) of M satisfy |H" (x,x) — H"(x,z)| < €. Then

1" (2, y) — H™ (2,y)|| < 4e

for all (z,y) € M with the distance d(x,y) < % if the injectivity radius T is greater
than an effective constant.

Proof. First we note that, pulling back to the universal covering M , which is a
bounded domain, the addition or subtraction of the heat and Bergman kernels
involved in the following discussions makes sense, since only line bundle is involved
and it can be trivialized by the standard canonical section on C™.
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Similarly to our arguments of Proposition 1, we consider

|Hn(xa y) - Hn(xa y)|

1393

S |Hn(9€,y) - kn(t,x,y)| + |kn(t7xvy) - l;:n(t,x,y)| + |l~€n(t,x,y) - I{In(l‘,y”

Let us begin with the second term |k, (¢, z,y) — kn (¢, z,y)|, where

kn(t,2,y) = kn(tz,9) + Y knlt,2,70).
yer—{1}

From the assumption that d(x,y) < 7, we know that d(x,yy) > 5 forall v € I'—{1}.

Hence, as in Lemma 3,

2

|Trki(t, x,y) — Trk(t, =, z)| < exp(—Z—St).

For the third term, given § > 0, the argument of Lemma 2 gives
|I~€’ﬂ(t7 z, y) - I;[’ﬂ(xv y)| <4

for t > ry, the notation being the same as in Lemma 2.
Hence, as in the proof of Proposition 1, for

7> 1r3(T) = max(T, c(T),/—48Tlogd + 1)
and T determined by r; in Lemma 2, we conclude that
|kn(t7x7y) - ]::n(ta x,y)| + |];3n(t,$,y) - I;[’ﬂ(xa y)| S 25

We choose § = e.
For the first term, in terms of an orthonormal set of eigenvectors,

|kn(t7xvy) - Hn(xvy)l
> e M i(@)dily)|

Ai >0
< YD eMi@d@)F] Y e M hiy)dily)]?
;>0 Ai>0

But again

|k (t, z,x) — Hy(z, )]

INIA

3,

|kn (t, z,x) — l;n(t,x,acﬂ + |l§:n(t,x,x) — ﬁn(x,xﬂ + |ﬁn(x,x) — Hy(x,x)

where the last term is estimated by Theorem 1. Hence |ky, (¢, z, z) — H, (2, z)|2 < 3¢

and so |kn(t, 2,y) — Hp(z,y)| < 3e.

Together with the estimates for the other two terms, we conclude that

O

Proposition 2. In the same notation as before, let M cover M,, whose diameter
is bounded from above by d,. Then there is an effective constant r such that if the
radius r(M) of M is larger than r and x € M is arbitrary, there exists a canonical

section s(z) of Ky such that Vs # 0.
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Proof. By homogeneity of M, we may assume that z is the origin and identify M,
with a fundamental domain on M containing 0. Pulling back to M, a section s on
M is a holomorphic section of M , locally but not globally L%. Let W be a vector of
unit length on M, which is realized as a bounded domain on C™. We use % or Ow
to denote differentiation on M C C™, and Cw,z to denote the complex line through
z in the direction of W.

Let h(z,y) = 3, fi(z)f;(y) and similarly define h(x,y) for the coefficients of the
Bergman kernels on M and M. We define

Y af, \of .
e %(x)%(y)v DWh(xvx) = pa

N~ OF () OF

Dwh(z,y) = e OF

As in the proof of the previous lemma, it suffices for us to do the estimates on a
fundamental domain of M, on M and consider the lower bound for Dh(x,x). We
are going to show that Dh differs at most by the order of € from Dﬁ(x, x).

From the holomorphicity and antiholomorphicity of h(z,y) and ﬁ(x, y) in = and
y respectively, we have the integral representation

_ fi(s) = fi@), filD) = [i(y),
= Z /seaBch,m /teaBch,y[ s—w I t—y I

7

Ji(s)fi(t) — fi(x) fi(t) — fi(s) fi(y) + fi(z) fi(y)
| Z /seaBch,x /teaB,,ncW,y[ ]

(r—=z)(s =)
1

2 /
T Js€dB,NCw,, JtedB,.NCw
1

3 [l = et~ ) + )] e
" Js€dB,.NCw,, Jt€dB,.NCw,y

= |Dwil($,y)| — dee.

|h(8,t) - h(xat) - h(tvy) + h(xvy”

Here Lemma 4 was used. In particular,
Dwh(z,z) > Dwh(z,z) — 4ce.

Suppose W =3 w® aga in terms of local coordinates w*,1 < a < n. We define
a section

1 -
==—— av
s(x) L [za:w z ]
on M. Then %f = VolEl(M) is bounded from below, as M is a bounded domain in
C™. This concludes the proof of the lemma. O

Remark. For a complete manifold M with injectivity radius bounded from below,
we can always get a lower bound on Dyyh by considering appropriate L? sections
using L2-estimates as in [Y2].

Now we state the main theorem.

Theorem 2. Let M be an Hermitian symmetric space and M a cocompact quo-
tient. Assume that there exists a holomorphic action of a finite group on M whose
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quotient is M,. Then the canonical line bundle Ky of M is very ample if the injec-
tivity radius of M is bounded from below by an effective constant r. The effective
constant v depends on the following data.

(i) The rate of the convergence of the heat kernel k;(t,x,y) to the Bergman kernel
H(z,z) as t — oo. It would be sufficient to estimate € such that

/ e ME, . (\) < 1
a(A:)N(0,€)
as estimated in Lemma 2.

(i1) The upper bound of the diameter of M,.

Proof. a. Base point freeness. This follows from Theorem 1, since the existence of
a positive lower bound of the Bergman kernel on M implies the non-vanishing of a
certain canonical section at every point on M.

b. Immersion. Let V be the Hermitian connection on the canonical line bundle.
We need to show that for each point x € M, and vector W, there exist sections s;
and s; so that

S; SjVWSi - SjVWSi

) = S @) £,

Vi (

Since the Bergman metric is defined independently of choice of a basis, we may
assume that s; is chosen among all canonical sections of M to take the supremum
norm at z, i.e.

[silg = sup [fl,
11lg=1.F €T ()

We then complete the section to an orthonormal basis by adding in sections sa, .. .,
sn- Let Aw () =35, |Vws;(z)|2. We are going to prove that Ay (z) is bounded
away from O.

Assume on the contrary that |Vs;|, = 0 for all ¢ > 2. It follows from the
definition that s;(x) = 0 for j > 2. In this way

[H"(z,2)lg = |s1(2)],
Ow|H"(z,2)ly = (Vwsi(z),s1(2))g,

where g denotes the Hermitian metric on K induced by the original metric g and
the second entry is conjugate holomorphic. Applying the same argument to L2
canonical sections on M, we get

|H" (z,2)ly = [5:1(2)]2,
ow|H"(z,z)|l, = (Vw/fi(z),51(2)).
We note that
0 < [51(2)2 = |s1(2)2 = [H"(w,2)|g — |H"(2,2)|, < ce

with some effective absolute constant c¢. Hence |s1], > [51]4 — ce.
As |H(z,z)|, is invariant under a biholomorphism, we get

(Vw3i(2), 51(2))g = Ow|H(z,2)|g =0
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and hence Vyy §1(z) = 0. The arguments of the previous proposition and Cauchy’s
integral formula imply that

ce > 0w |H" (z,2)|y — Ow|H" (z,2)||
=D (Vwi(x),5i(2)g = > (Vws;(x),5;(x))g]-
i J

for some absolute constant ¢. Hence we conclude that |[(Vsi(x),s1(z))g| < ce,
which can be rewritten as [V si(x)|g]s1(x)]q < ce. As a result,

ce )2
|H(J,‘,J,‘)|g—66 .
However, from the previous proposition,

|Dw H (2, 2)|g > |Dw H(x, )|y — ce.

Defining Aw (z) = |Dw H (x,z)|y — [Vws1|2,we conclude that

Vwsil2 < (

~ ce 9
Aw (x) > |DwH(z,z)|g — ce (|Hw(x,x)|g —
As |Dw H(z, z)|, is bounded uniformly from below on M,, it follows that Ay (z) =
di>a |V s;(x)|2 is non-zero for e sufficiently small. This implies that [Vyys;(z)|,
# 0 for some j > 2, which implies that the sections of K gives an immersion of M.
As before, € depends only on the radius of M and the diameter of M,.

c. Separation of points. For this we need some lemmas

Lemma 5. There exists a constant 11 > 0 such that for all x € M, T'(M,K)
separates points on By, (x).

Proof. Consider the function Aw () = 32,5, [Vws; (2)|2 in the study of immersion
of the canonical map, where s; takes the supremum value at x among all canonical
sections of M whose L?mnorm is 1. Let si be the space of norm 1 canonical
sections in the orthogonal complement of s; with respect to g. We have Ay (z) =

L |Vw f|2. The estimate on the lower bound of Ay in the previous section
fée€sq g
implies that there is a function s € si- so that
- ce
v >Ci) = |DwH(x, —ct—(— )2
| Wslg - 1 | w (J) m)lg ce (|H($,$)|g —CE)

Hence
M(l‘)l _ |VWS|9(J:) > C1 .
51 VH(z,z) — /H(z,z)

From here on when doing estimates we used the same notation = to denote a
point on M and a point of its lift to the universal covering. Consider a small

Euclidean ball BE (z) around z with r1 sufficiently small, to be determined later,
1-|z|

Vw (@) =]

assuming for the time being only that ry < 27 = . Pulling back to M, we can
write s = fdV,s; = f1dV so that f, f1 are holomorphic functions on By, (z); the
metric g is related to gg by c1gr < g < cagp. Since ||s?(z)|| = trB(z,z) = a® at
the point z, from our choice of s; we conclude that cia < |f1(z)] < caa. For any
holomorphic function f with L?-norm 1, the mean value inequality implies that
|f(w)| < C for all w € B (z) for some absolute constant C, since the injectivity
radius of M is bounded from below by an absolute constant. From this we conclude
that |f'(w)| < € for w € BZ(z), from Cauchy type estimates. It follows from direct
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integration that |f(y) — f(x)| < |y — x|g < rlg. Using Cauchy’s estimates again,
we conclude that

of of C
4 _ 4 <
Ow ) ow @) <m 72’
for all y € BE(x). Similarly, |%(y) - %(xﬂ < 7"17—02. Hence for y € BE (z)

V() = V() @)

- |3W(%)(y)—3w(£)($)|
0 0 0 ow f1
— }Vlf(m— ;fom]—[f ;gf%y) f;ff (@)

As cra < |fi(2)| < c2a and thus [f1(y)| = c1a — 7’1%7 we conclude that
S S
Vw (=) () — Vw (=) (z)| < r1Cs
S1 S1

with Cs an absolute constant depending only on 7 and a, assuming that c;a—1m g >
0. Integrating the expression along any geodesic rays from the origin on B,, (z), we
conclude that

S@i=1 [ VulS)e+ iy iy ol + S @)

|/ Vi () @)dtly — al

/ (Vi () + 1y — ) = V() @)ldily — 2l +0
>|/ VW x)dtly — x||

/ Vi () (e + Hy = 2)) = V(D) @)ldtly o

2 =y — [ -nCaly —z|.
=7 ( x)

Choosing

& ciat )
2CoVH (z,z)" 2C 7
we conclude that, 2 (y) # 0= (z) on By, (). As x is arbitrary on M, this implies
the separation of point in each small neighbourhood of uniform size determined by
T1.

Now we consider the separation of points whose distance apart is at least r;.

r1 = min(

Lemma 6. Assume that for any ¢ > 0, there exists a number k > 0 such that for
every pair of points x,y € M of distance d(z,y) > 11, there is always a holomorphic
section s € TV (M, K) satisfying ||s||p> = 1, s(z) = 0,||s(y)|| > &. Then the
canonical map of M takes different values at x and y if d(z,y) > r1, provided that
the injectivity radius of M is at least v for some effective r.
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Proof. From the lemma on the estimate of the difference between H" and H™, we
know that for each € M, there exists a canonical section s, such that |s;|4(z) > ¢1
for some absolute constant ¢; = %|ﬂ' "(x, )|y which is independent of z. From the
mean-value inequality, as argued in the earlier proposition, we also have |sz|4(z) <
co for some absolute contant cy. For any pair of points z,y € M, we can find a
linear combination sz, = s, + (1 —7r)s, so that c¢g < |sgzy|g(x) < ca. For simplicity
of notation, we denote s = Say-

Let h(zyw) = (o2 o

mal basis for M and 5;,7 > 1, an orthonormal basis for M. Let fi= and fz = T7'

h(z,w) = Let s;,i =1,...,n, be an orthonor-

From the assumption on the universal covering, we know that 3", | fi(x ) fi@))2>c
for some fixed contant ¢ determined by c3 and c4. By the earlier lemma on the es-
timate of the difference betweeen the Bergman kernel of M and M, we know that

Zm ()|

> h(z,x) - h( @) = h(z,y) + h(y,y) — 4Ce
= Z |fz (y | —4Ce
> c¢—4Ce

Hence if the radius of M is sufficiently large so that € is small, as before, we conclude
that >, | fi(z) — fi(y)|* # 0 and hence the canonical section of M separates z and
y. This concludes the proof of Lemma 6. |

The condition of Lemma 6 on the existence of a holomorphic section s €
I'® (M, K) satisfying ||s||z> = 1, s(z) = 0,]|s(y)|| > & is satisfied for Hermitian
symmetric manifolds. In fact, it suffices to consider bounded linear holomorphic
functions.

This concludes the proof of Lemma 5 and hence the proof of Theorem 2. O

4. EXAMPLES

Let M be a locally Hermitian symmetric space. It is well-known that the fun-
damental group I'" of M is residually finite in the sense that there is a tower of
normal subgroups I'y = T, T'; > T';41 and ()2, Iy = co. Then M; = M/Fl is a
[[", T';]-sheeted covering of M. In this section, we would like to discuss the effective
estimate of [I,T;] to guarantee the very ampleness of Kjy. To apply results in
earlier sections, we are going to consider M to be M; with [ to be estimated, and
M, to be the lowest manifold in the tower.

First we consider the arithmetic lattices T' of SU(n,1) defined by Hermitian
quadratic forms. This gives rise to arithmetic complex ball quotients

D\BY = SU(n,1)/S(U(1) x U(n)).

Let k£ be a totally real algebraic number field with places o9 = 1,071, ...,0m,. Let
@ be an Hermitian quadratic form defined on C™ over k of signature (1,7n) such
that the conjugates of @ by the o;,i > 1, are all negative definite. Let Z be
the ring of integers of k and G(Q) the group of elements in GL(n + 1) preserving
Q. An arithmetic lattice T of G = SU(n, 1) arising from @ is defined to be a
lattice commensurable with G(Q, Z) = GL(n + 1, 2) N G(Q), the group of units
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of ). We can diagonalize @) by an element g € GL(n + 1, k) such that G(Q, Z) is
commensurable with G(Q9, Z). Hence for our purpose, it suffices to consider I to
be G(Q, Z) for some diagonal @ of the form

lo|$0|2 - ll|x1|2 — Zn|xn|27

where [; € k and [; > 0. The sublattices are given by I'; =T'(¢;) = {ye€T:y=1
(mod ¢;)} for a sequence of nested ideals g; with norm approaching infinity. We
would call such a sequence a tower of congruence subgroups. We also recall that
it ¢ = t7*---t% is the decomposition of an ideal ¢ into prime ideals and t; lies
above a rational prime p; with residue class degree r;, the norm of ¢ is given by
ol = I

Let 7(M;) to be the injectivity radius of M;. Lemma 2.2.1 of [Y1] allows us to
estimate 7(M;) in terms of [I',T].

Lemma 7 ([YI], Lemma 2.2.1).

(M) > e+ - log(IT\T)),

2
(n+1)2—
for an effective constant ¢ independent of l. ¢ depends only on the size of the l;,i =
0,...,n, in the defining equation of ' and the diameter of M,.

We note that [[,T}] is actually the ratio gsllé]\]\gi))

degree of M; to the degree of M,. Recall that the degree of an algebraic manifold
is the number K7p; = [, c1(K)". The ratio [I',T] gives a lower bound of the norm
of g;, which in turn controls the lower bound of the injectivity radius of M; from
the explicit formula of the distance between two points and elementary arithmetic
considerations.

This lemma and the theorem of the last section allow us to conclude the following
statements.

and is also the ratio of the

Theorem 3. For a tower of lattices from Hermitian quadratic forms of complex
balls obtained as above, I'(M;, K;) is very ample on M; as long as the degree of M;
is greater than a certain contant d which is an effective constant depending only on
the injectivity radius and diameter of M,.

Here the degree of Mj is the integral of the top power of the Chern class of
the canonical line bundle of M, and is related to the degree of M, by a multiple
corresponding to the order of the covering. Note that in applying the theorems
of the previous sections, the volume V,, of M, can be estimated in terms of the
injectivity radius and diameter of M,.

Remark. For complex ball quotients, there are examples of non-arithmetic lattices
in dimension 2 and 3. However, for higher rank Hermitian symmetric spaces M,
according to the Margulis Arithmeticity Theorem, every cocompact lattice I" of
M is arithmetic, as constructed in [B]. Hence we can consider a tower of congru-
ence subgroups defined similarly to the above case of complex hyperbolic balls by
considering a nested sequence of ideals ¢; in the defining number field of T", and
regarding I'; = I'(g;) = {y € T': v = I (mod g;)}. In this way, M/I‘j gives rise
to a tower of normal coverings of M,. As we also have an explicit formula for the
distance function between two points for each (global) Hermitian symmetric space,
the argument of the above lemma, or Lemma 2.2.1 of [Y1], allows us to conclude
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that
T(Mi)) = e+ f(n)log([I',T'])

for some constant f(n) depending on the type of the symmetric space M, and ¢
depending on M, as before. Now we conclude that I'(M;, K;) is very ample on M;
as long as the degree of M; is greater than a certain contant d which is an effective
constant depending only on the injectivity radius and diameter of M,, and the type
of the Hermitian symmetric space M.

Theorem 4. Suppose M is a compact Hermitian locally symmetric space of non-
compact type of rank at least 2. There exists an unramified covering M’ of M
of controllable order of covering such that the canonical line bundle of M’ is very
ample. The order of the covering can be estimated in terms of the defining number
field of the lattice of M on its universal covering M.

This follows from the previous discussions. Note that the injectivity radius and
diameter of M are determined by the lattice.
Finally, we add a few more remarks.

Remarks. 1. The arguments of this article can easily be generalized to statements
about estimating the injectivity radius so that the canonical section would generate
a certain fixed k-jet of the manifold.

2. All the arguments can be applied to Ké&hler manifolds whose Riemannian
sectional curvature is bounded by two negative constants. This follows from the
fact that there are a lot of L2-holomorphic functions on the universal covering,
as explained in [Y2]. However, apart from locally Hermitian symmetric spaces,
the only such example that we know of in higher dimension cases are the ones
constructed by Mostow and Siu in [MS].

3. One consequence of the argument is that, given a hyperelliptic curve M, there
is an unramified covering M’ of M which is not hyperelliptic. Moreover, the order
of the covering can be estimated in terms of some geometric data as stated in the
theorems above.
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