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ITERATIVE ALGORITHMS BASED ON DECOUPLING OF
DEBLURRING AND DENOISING FOR IMAGE RESTORATION∗

YOU-WEI WEN† , MICHAEL K. NG‡ , AND WAI-KI CHING§

Abstract. In this paper, we propose iterative algorithms for solving image restoration problems.
The iterative algorithms are based on decoupling of deblurring and denoising steps in the restoration
process. In the deblurring step, an efficient deblurring method using fast transforms can be employed.
In the denoising step, effective methods such as the wavelet shrinkage denoising method or the total
variation denoising method can be used. The main advantage of this proposal is that the resulting
algorithms can be very efficient and can produce better restored images in visual quality and signal-
to-noise ratio than those by the restoration methods using the combination of a data-fitting term and
a regularization term. The convergence of the proposed algorithms is shown in the paper. Numerical
examples are also given to demonstrate the effectiveness of these algorithms.
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1. Introduction. Digital image restoration and reconstruction play an impor-
tant part in various areas of applied sciences such as medical and astronomical imag-
ing, film restoration, and image and video coding. In this paper, we focus on a
common degradation model [17]: an ideal image f ∈ R

N is observed in the presence
of a Toeplitz matrix H ∈ R

N×N arising from a spatial-invariant blur and an additive
zero-mean Gaussian white noise n ∈ R

N of standard deviation σ. Thus the observed
image g ∈ R

N is obtained by

(1.1) g = Hf + n.

It is well known that restoring an image f is a very ill-conditioned problem. A
regularization method should be used in the image restoration process. One usual
approach is to determine the restored image by minimizing a cost function consisting
of a data-fitting term and a regularization term:

(1.2) min
f

‖Hf − g‖2
2 + αR(f).

Here ‖ · ‖2 is the Euclidean norm in R
N , R(f) is the regularization term, and α is a

positive regularization parameter. Numerous expressions for R have been used in the
literature:
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2656 YOU-WEI WEN, MICHAEL K. NG, AND WAI-KI CHING

• Tikhonov regularization [15, 32]:R(f)=‖f‖2
2 or ‖∇f‖2

2, where ∇ stands for the
discrete gradient. It has been shown in [25] that an efficient image restoration
method based on fast transforms can be developed, and the computational
cost is O(N logN) operations. However, the drawback of the Tikhonov regu-
larization is that image edges cannot be preserved in the restoration process.

• Total variation (TV) regularization [29]: R(f) = ‖∇f‖2. The distinctive
feature of TV regularization is that image edges can be preserved. Thus TV
regularization is in general more suitable than the Tikhonov regularization for
image restoration purposes. We refer readers to [28] for recent developments
in TV image restoration.

• Wavelet regularization [2, 10, 13]: R(f) =
∑

k λkφ(〈f ,ψk〉), where φ(·) is
a penalty function, λk denotes a weighted coefficient, and {ψk} denotes a
wavelet orthonormal basis. In image restoration, φ(x) = |x|p, where 1 ≤ p ≤ 2
is commonly used.

In this paper, we propose iterative algorithms for solving image restoration prob-
lems. The iterative algorithms are based on decoupling of deblurring and denoising
steps in the image restoration process. The motivations of this approach are that

(M1) an efficient deblurring method based on fast transforms can be used in the
deblurring step;

(M2) effective denoising methods such as the wavelet shrinkage method and the
TV method can be employed in the denoising step;

(M3) the resulting algorithms can be very efficient and can produce better restored
images than those of the restoration method using data-fitting and regular-
ization terms together in (1.2).

We consider and study the following iterative algorithms based on decoupling of de-
blurring and denoising steps (an initial guess f (0) is used).

Algorithm 1.

f̂ (i) = argmin
f

‖Hf − g‖2
2 + α1‖f − f (i−1)‖2

2,(1.3)

f (i) = argmin
f

‖f − f̂ (i)‖2
2 +

∑
k

λkφ(〈f ,ψk〉).(1.4)

Algorithm 2.

f̂ (i) = argmin
f

‖Hf − g‖2
2 + α1‖f − f (i−1)‖2

2,(1.5)

f (i) = argmin
f

‖f − f̂ (i)‖2
2 + α2TV (f).(1.6)

We can also apply the wavelet denoising method and then the TV denoising
method in the denoising step. The main reason is that Gibbs-type oscillation artifacts
may be introduced in the restored signal by using wavelet denoising methods; see, for
instance, Figure 3(b) in the next subsection. When the TV denoising method is used
after the wavelet denoising method, oscillation artifacts can be suppressed; see, for
instance, Figure 3(d) in the next subsection.
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ITERATIVE ALGORITHMS FOR IMAGE 2657

Algorithm 3.

f̂ (i) = argmin
f

‖Hf − g‖2
2 + α1‖f − f (i−1)‖2

2,(1.7)

f̃ (i) = argmin
f

‖f − f̂ (i)‖2
2 +

∑
k

λkφ(〈f ,ψk〉),(1.8)

f (i) = argmin
f

‖f − f̃ (i)‖2
2 + α2TV (f).(1.9)

In the above three algorithms, α1 and α2 are the positive parameters for deblurring
and denoising, respectively.

We note that the computational cost of the deblurring step in (1.3), (1.5), and
(1.7) is O(N logN) operations [25], and both wavelet denoising methods [11, 16, 22]
and the TV denoising method [5, 6, 26] in the denoising steps are also very efficient.
These refer to our motivations (M1) and (M3). In the next subsection, we consider a
one-dimensional signal restoration example to further illustrate our motivations (M2)
and (M3).

We remark that we use wavelet shrinkage and/or total variation in the denoising
step. However, the other effective denoising methods can be used in the framework if
they are available and suitable for the purpose.

1.1. An example. The original signal is shown in Figure 1. The following
experiments are studied:

(i) The original signal is blurred by a motion blur of length 9 and degraded
by the Gaussian noise with a zero mean and a variance of 64. The blurred
and noisy signal is then shown in Figure 2(a). Figures 2(b) and 2(c) show
the restored signals by minimizing a cost function (cf. (1.2)) consisting of a
data-fitting term and a regularization term of the Haar wavelet (hard thresh-
olding) regularization method [13] and of the TV regularization method [29],
respectively. Here trial by error for different values of α in (1.2) is used. In
the figures, the least relative errors of the restored signals among the tested
values of α are reported.

(ii) The original signal is degraded only by the Gaussian noise with a zero mean
and a variance of 64. The noisy signal is then shown in Figure 3(a).
Figures 3(b) and 3(c) show the restored signals by minimizing a cost function

(1.10) min
f

‖f − g‖2
2 + αR(f)

(H = I, i.e., no blur) using the Haar wavelet hard thresholding denoising
method and the TV denoising method, respectively. We observe that the
Haar wavelet hard thresholding method [22] (Figure 3(b)) and the TV method
(Figure 3(c)) are more effective in denoising (both methods have smaller
relative errors) than in the combination of deblurring and denoising together
(Figures 2(b)–(c)). This illustrates our motivation (M2).

(iii) For the motivation (M3), we used the three proposed iterative algorithms to
restore the blurred and noisy signal in Figure 2(a). Figures 4(a), 4(b), and
4(c) show the restored signals by using Algorithms 1, 2, and 3, respectively.
In these tests, the Haar wavelet hard thresholding denoising method [22] is
used. We see from the figures that the relative errors of the restored signals
by Algorithms 1 and 2 are less than those of Figures 2(b) and 2(c). We also
find that the relative errors of the restored signals by Algorithm 3 are the
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Original Signal

Fig. 1. The original signal.
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0
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200

Blurred and Noisy Signal

(a)

0 50 100 150 200 250 300 350 400 450 500
−100

0

100

200
Wavelet, RE =0.086327

(b)

0 50 100 150 200 250 300 350 400 450 500
−100

0

100

200
TV, RE =0.08304

(c)

Fig. 2. The blurred and noisy signal (a); the restored signal by the Haar wavelet regularization
method (b); the restored signal by the TV regularization method (c).

least among all the restored signals. These examples show that decoupling of
deblurring and denoising for image restoration can be an effective approach.
In section 4, more numerical examples will be given to demonstrate the effec-
tiveness of this approach.

1.2. Outline. The outline of this paper is as follows. In section 2, we review
deblurring and denoising methods. In section 3, we show the convergence of Algo-
rithms 1, 2, and 3. In section 4, numerical examples are presented to demonstrate
the effectiveness of the proposed methods. Finally, concluding remarks are given in
section 5.
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Wavelet, RE =0.051699

(b)
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(c)
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Wavelet&TV, RE =0.043691

(d)

Fig. 3. The noisy signal (a); the restored signal by the Haar wavelet regularization method
(b); the restored signal by the TV regularization method (c); the restored signal by the Haar wavelet
regularization method and then the TV regularization method (d).

2. Deblurring and denoising methods. In this section, we review deblurring
and denoising methods.

2.1. Deblurring methods. In order to determine f̂ (i) in (1.3), (1.5), and (1.7),
it is required to solve the following linear system:

(2.1)
(
HTH + α1I

)
f̂ (i) = HTg + α1f

(i−1).

Because of the regularized term α1I, the coefficient matrix (HTH + α1I) is always
invertible even if HTH is singular.

We note that H is a block-circulant with circulant-block (BCCB) matrix when
periodic boundary conditions are applied to the image boundary. The matrix H can
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0 50 100 150 200 250 300 350 400 450 500
−100

0

100

200
Our Model (Wavelet), RE =0.070538

(a)
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Our Model (TV), RE =0.066098

(b)
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200
Our Model (Wavelet & TV), RE =0.055798

(c)

Fig. 4. The restored signal by Algorithm 1 (a); the restored signal by the TV regularization
method and the restored signal by Algorithm 2 (b); the restored signal by Algorithm 3 (c).

be diagonalized by the discrete fast Fourier transform (FFT) matrix, and therefore
the cost of solving (2.1) is O(N logN) operations, where N is the number of pixels
of the restored image. When zero boundary conditions are applied to the image
boundary, H is a block-Toeplitz with Toeplitz-block (BTTB) matrix. The conjugate
gradient method can be used to solve (2.1). The convergence of the conjugate gradient
method can be improved by using preconditioning techniques. Transformation-based
preconditioning techniques have proved to be very successful [24]. When reflective
boundary conditions are applied to the image boundary, H is a block-Toeplitz-plus-
Hankel with Toeplitz-plus-Hankel-block (BTHTHB) matrix. If the blurring function
is symmetric, such a BTHTHB matrix can be diagonalized by the discrete cosine
transform (DCT) matrix [25]. Therefore the cost of solving the corresponding linear
system is O(N logN) operations.

We note from (1.1) and (2.1) that

(2.2) f̂ (i) =
(
HTH + α1I

)−1
(
HTg + α1f

(i−1)
)

= f + ε
(i)
f + εn,

where

ε
(i)
f = α1

(
HTH + α1I

)−1
(
f (i−1) − f

)
and εn =

(
HTH + α1I

)−1
HTn.

Here the variance of εn is given by σ2
(
HTH + α1I

)−1
HTH

(
HTH + α1I

)−1
. Ac-
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cording to (2.2), we will choose a small value of α1 in order to reduce the error ε
(i)
f .

However, the residual noise εn will be amplified by using a small value of α1. In
the denoising step of Algorithms 1, 2, and 3, we apply wavelet shrinkage and/or TV
regularization denoising methods to suppress the residual noise.

2.2. Wavelet denoising methods. In [34], Weaver et al. first proposed using
wavelet shrinkage for filtering noise from images. Also wavelet-based noise reduction
algorithms [11, 12, 22] are asymptotically near-optimal for a wide class of signals
corrupted by additive Gaussian white noises. These algorithms also work well when
the noise is neither white noise nor Gaussian; see, for instance, [18].

By using the unitary invariance property of the 2-norm, one can rewrite

‖f − f̂ (i)‖2
2 =

∑
k

(
〈f ,ψk〉 − 〈f̂ (i),ψk〉

)2

in (1.4), (1.6), and (1.8). Therefore we have

(2.3) f (i) = argmin
f

∑
k

((
〈f̂ (i),ψk〉 − 〈f ,ψk〉

)2

+ λk|〈f ,ψk〉|p
)
.

It is easy to see that the wavelet coefficients of f (i) can be obtained independently
for each 〈f (i),ψk〉 as a scalar optimization problem. In particular, when p = 1, the
solution in (2.3) is just the popular soft thresholding scheme [12]:

(2.4) 〈f̂ (i),ψk〉 =

⎧⎨
⎩

〈f̂ (i),ψk〉 − λk/2 if 〈f̂ (i),ψk〉 ≥ λk/2,

〈f̂ (i),ψk〉 + λk/2 if 〈f̂ (i),ψk〉 ≤ −λk/2,
0 otherwise.

Usually, λk is set to be a constant related to the variance σk of the residual noise εn
in its kth level wavelet decomposition; see [11]. In our setting, the variance σk can be
estimated as follows:

(2.5) σ2
k = E{|〈εn,ψk〉|2} =

∑
u,v

σ2|H(u, v)|2|Ψ(k, u, v)|2
(|H(u, v)|2 + α1)2

,

where E(·) is the expectation operator, and H(u, v) and Ψ(k, u, v) are the discrete
Fourier transforms of H and ψk, respectively. Both H(u, v) and Ψ(k, u, v) can be
computed by using the FFT in O(N logN) operations. This optimization step can
be done independently for each wavelet coefficient, and therefore the cost of wavelet
denoising the image solution is in O(N logN) operations. Other wavelet shrinkage
denoising schemes such as the hard thresholding method [22] and the garrote thresh-
olding method [16] can be used in the denoising step of the proposed algorithms.

2.3. The TV denoising method. The use of TV regularization for image
processing has been proposed by Rudin, Osher, and Fatemi [29]. The distinctive
feature of TV regularization is that edges can be preserved. We remark that Steidl
et al. [30] have shown the equivalence of soft wavelet shrinkage, TV diffusion, and TV
regularization. Recent developments in TV image restoration can be found in [28].

The Euler–Lagrange equation for the TV denoising problem is given by the fol-
lowing nonlinear system of equations. The artificial time marching scheme proposed
in Rudin, Osher, and Fatemi [29] obtains the solution of this nonlinear system of
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equations as the steady state of a parabolic partial differential equation. Indeed, it
is equivalent to employing the following gradient descent method to solve the min-
imization problem. The drawback of this method is that the convergence rate of
explicit methods can be very slow due to stability constraints. Implicit methods can
be applied, but then one has to deal with the nonlinearity problem and the solution
of the resulting linear systems. In [33], the lagged diffusivity fixed point iteration is
introduced. This method consists of linearizing the nonlinear differential term in the
nonlinear system of equations by lagging the diffusion coefficient one iteration behind.
The resulting linear system can be solved efficiently by multigrid methods [33]. The
algorithm can be interpreted in the framework of generalized Weiszfeld methods; see,
for instance, [7]. As proved in [7], this method is monotonically convergent, in the
sense that the objective function values evaluated at the iterates form a monotonically
decreasing sequence, and the convergence rate is linear. In practice, this method is
very robust. Recently, Chan and Chen [6] proposed a very fast multilevel method
using primal relaxation for TV denoising problems. Chambolle [5] considered a dual
formulation of the TV denoising problem and used the projected gradient method to
solve the resulting constrained optimization problem. Based on the theory on semi-
smooth operators, Ng et al. [26] studied semismooth Newton methods for computing
the nonlinear projection. The convergence and numerical results have shown that the
proposed algorithm is quite effective.

3. Convergence analysis. Let us first introduce the following notation in the
subsequent discussion:

Sh(x) ≡ argmin
f

‖Hf − g‖2
2 + α1‖f − x‖2

2,

Sw(x) ≡ argmin
f

‖f − x‖2
2 +

∑
k

λkφ(〈f ,ψk〉),

Stv(x) ≡ argmin
f

‖f − x‖2
2 + α2TV (f).

The main aim of this section is to show the convergence of Algorithm 1,

f (i) = Sw(Sh(f (i−1))),

Algorithm 2,

f (i) = Stv(Sh(f (i−1))),

and Algorithm 3,

f (i) = Stv(Sw(Sh(f (i−1))))

for i = 1, 2, . . .. We will use the techniques of nonexpansive operators to show the
convergence. Let us first introduce some definitions.

Definition 3.1 (see [8]). An operator P : R
N → R

N is called nonexpansive if,
for any x1,x2 ∈ R

N , we have

||P (x1) − P (x2)||2 ≤ ||x1 − x2||2.
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If there exist a number β ∈ (0, 1) and a nonexpansive operator T : R
N → R

N such
that P = (1 − β)I + βT is nonexpansive, then P is called β-averaged. In particular,
when β = 1/2, P is called a firmly nonexpansive operator.

We remark that an equivalent form of a firmly nonexpansive operator is defined
as

(3.1) ‖P (x1) − P (x2)‖2
2 ≤ [P (x1) − P (x2)]

T
(x1 − x2) ;

see, for instance, [9]. In fact, let T be a nonexpansive operator such that P = 1
2I+ 1

2T .
For any x,y ∈ R

N , we have

‖T (x) − T (y)‖2
2 = 4‖P (x) − P (y)‖2

2 + ‖x − y‖2
2 − 4(P (x) − P (y))T (x − y).

Since T is nonexpansive, i.e.,

‖T (x) − T (y)‖2
2 ≤ ‖x − y‖2

2,

we obtain the inequality (3.1). On the other hand, given an operator P with (3.1),
we have

‖(2P − I)(x) − (2P − I)(y)‖2
2 ≤ ‖x − y‖2

2.

We can construct T = 2P − I, and the above formula shows that T is nonexpansive.
The following lemma shows that the product of two averaged nonexpansive operators
is also averaged nonexpansive.

Lemma 3.2. Let P1 and P2 be β1- and β2-averaged nonexpansive operators,
respectively. Then P1P2 is (β1 + β2 − β1β2)-averaged nonexpansive.

Proof. Since P1 and P2 are β1- and β2-averaged nonexpansive operators, there
exist nonexpansive operators T1 and T2 such that

Pi = (1 − βi)I + βiTi

for i = 1, 2. Thus we obtain

P1P2 = (1 − β1 − β2 + β1β2)I + (1 − β1)β2T2 + (1 − β2)β1T1 + β1β2T1T2.

Set β3 = β1 + β2 − β1β2 and

T =
1

β1 + β2 − β1β2
((1 − β1)β2T2 + (1 − β2)β1T1 + β1β2T1T2) .

It is easy to check that β3 ∈ (β2, 1) with β1, β2 ∈ (0, 1) and T is nonexpansive.
Now we show that Sh, Sw, and Stv are firmly nonexpansive. For any x,y ∈ R

N ,
we have

Sh(x) − Sh(y) = α1

(
HTH + α1I

)−1
(x − y) .

It is straightforward to obtain the following inequality:

‖Sh(x) − Sh(y)‖2
2 = (Sh(x) − Sh(y))

T
α1

(
HTH + α1I

)−1
(x − y)

≤ (Sh(x) − Sh(y))T (x − y).

It follows that Sh is firmly nonexpansive. For Sw and Stv, we can use the following
results in [9].
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Lemma 3.3 (see [9, Lemma 2.4]). Let γ be a positive number and ϕ be a convex
and semicontinuous function. Suppose

(3.2) x̂ ≡ argmin
x

‖y − x‖2
2 + γϕ(x),

and define S : RN → R
N such that x̂ = S(y). Then S is firmly nonexpansive.

We note that |x|p (1 ≤ p ≤ 2) is a convex and semicontinuous function. By using
the results in Lemma 3.3, both operators Sw and Stv are firmly nonexpansive.

In order to establish the convergence of the proposed iterative scheme, we study
the following property of β-averaged nonexpansive operators; see, for instance, [4].

Lemma 3.4. Let P : R
N → R

N be a β-averaged nonexpansive operator. For a
given z(0) ∈ R

N , define the sequence z(k) = P (z(k−1)) for k = 1, 2, . . .. If the set of
fixed points of P is nonempty, then P is asymptotically regular, i.e.,

lim
k→∞

||z(k+1) − z(k)||2 = lim
k→∞

||P k+1(z(0)) − P k(z(0))||2 = 0.

Proof. Let z be a fixed point of P . We denote g = I−P . Since P is a β-averaged
nonexpansive operator, there exist a number β ∈ (0, 1) and a nonexpansive operator
T such that P = (1−β)I+βT . It also implies that g = β(I−T ). For any x,y ∈ R

N ,
we have

‖x − y‖2
2 − ‖T (x) − T (y)‖2

2 =
2

β
(g(x) − g(y))

T
(x − y) − 1

β2
‖g(x) − g(y)‖2

2 ≥ 0

or

[g(x) − g(y)]
T

(x − y) ≥ 1

2β
‖g(x) − g(y)‖2

2.

By using the fact that z = P (z), we have

‖z − z(k)‖2
2 − ‖z − z(k+1)‖2

2 = ‖z − z(k)‖2
2 − ‖P (z) − P (z(k))‖2

2

= 2
(
g(z) − g(z(k))

)T (
z − z(k)

)
− ‖g(z) − g(z(k))‖2

2

≥
(

1

β
− 1

)
‖g(z) − g(z(k))‖2

2.

We note that g(z) = z −P (z) = 0 and g(z(k)) = z(k) − z(k+1). Therefore, we obtain

‖z − z(k)‖2
2 − ‖z − z(k+1)‖2

2 ≥
(

1

β
− 1

)
‖z(k) − z(k+1)‖2

2.

Since (1/β−1) > 0, one can immediately deduce that
∑

k ‖z(k)−z(k+1)‖2
2 is bounded.

Then the result follows.
Now we consider the well-known Opial theorem [27]. It states that if the set of

fixed points of P is nonempty, and P is nonexpansive and asymptotically regular,
then the sequence x(k), where x(k) = P (x(k−1)) for k = 1, 2, . . ., converges weakly to
a fixed point. Using the results in Lemma 3.4, we have the following theorem.

Theorem 3.5 (see [4, Theorem 2.1]). Let P : R
N → R

N be a β-averaged
nonexpansive operator. If the set of fixed points of P is nonempty, then for any z(0),
the sequence {z(k)}, where z(k) = P (z(k−1)) for k = 1, 2, . . . , converges to a fixed
point in R

N .
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According to Lemma 3.2, since the operators Sh,Sw, and Stv are firmly nonex-
pansive, the product StvSwSh is β-averaged nonexpansive for some β ∈ (0, 1). By
applying Theorem 3.5, we have our main results of this paper.

Theorem 3.6. (i) Assuming that the set of fixed points of SwSh is nonempty,
Algorithm 1 converges to a fixed point.

(ii) Assuming that the set of fixed points of StvSh is nonempty, Algorithm 2
converges to a fixed point.

(iii) Assuming that the set of fixed points of StvSwSh is nonempty, Algorithm 3
converges to a fixed point.

Before we end this section, we give several remarks about the convergence of the
proposed algorithm.

• When H is rank deficient, SwSh, StvSh, and StvSwSh may not strictly
be contraction operators. However, we can add a projection operator Sp

at each iteration such that the values of the entries of f (i+1) are projected
to [0, 255]. It follows from the Banach–Algoglu theorem that the operators
SpSwSh, SpStvSh, and SpStvSwSh have a weak accumulation point; see [10]
for details. Therefore, their corresponding sets of fixed points are nonempty.
By using Theorem 3.6, we can show that Algorithms 1, 2, and 3 converge to
a fixed point.

• When H is full rank, i.e., the smallest eigenvalue of HTH is larger than 0,
it is easy to check that, for all x,y, there exists a number r ∈ (0, 1) such that

‖Sh(x) − Sh(y)‖2 ≤ r‖x − y‖2.

It implies that SwSh, StvSh, and StvSwSh are strictly contraction opera-
tors. According to the Banach–Picard theorem, for any initial vector f (0),
Algorithms 1, 2, and 3 converge to a unique fixed point.

4. Numerical results. In this section, we illustrate the performance of Algo-
rithms 1, 2, and 3 for solving image restoration problems. Three indices are used
to measure the quality of the restored images by different algorithms. They are the
signal-to-noise ratio (SNR), the improvement in SNR (ISNR), and the blurred SNR
(BSNR):

SNR = 10 log10

‖f‖2
2

‖f − f̃‖2
2

, ISNR = 10 log10

‖f − g‖2
2

‖f − f̃‖2
2

,

and

BSNR = 10 log10

‖g‖2
2

‖n‖2
2

,

where f , g, f̃ , and n are the original image, the blurred and noisy image, the restored
image, and the noise vector, respectively. In our algorithms, the stopping criterion is

‖f (k−1) − f (k)‖2

‖f (k−1)‖2
≤ 10−4.D
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We use the output of the ForWaRD restoration method [23] as an initial image.
Trial by error for α1 and α2 is used in the tests. In the figures, we report the highest
SNR of the restored image over all tested values of α1. The corresponding values of
α1 are reported in the figures. In all the tests, α2 is fixed and set to be 0.8.

Similar to [13, 23], we employ the Haar wavelet shrinkage denoising methods. The
shrinkage methods include the soft thresholding method [12], the hard thresholding
method [22], and the garrote thresholding method [16]. The program for the TV
denoising method is based on the code1 written by Vogel [33]. A very small parameter
is set in the TV term to avoid singularities in the calculation in all the tests; for details
see [33].

In the first experiment, we use a synthetic 128× 128 image as shown as in Figure
5. The image is blurred by a 9 × 9 point box-car blur [1, 23] defined as follows:

(4.1) h(i, j) =

{
1
81 , 0 ≤ i, j ≤ 8,
0 otherwise.

White Gaussian noises are added to the blurred image. The blurred and noisy images
are shown as in Figures 6(left) and 6(right) for BSNR = 20dB and BSNR = 30dB,
respectively.

Figures 7 and 11 show the restored images by using ForWaRD [23], the wavelet
regularization in (1.2) [13], and the TV regularization in (1.2) for the restoration of
blurred noisy images with BSNR = 20dB and BSNR = 30dB, respectively. Figures 8
and 12 show the restored images by using Algorithm 1 with hard thresholding, soft
thresholding, and garrote thresholding for the restoration of blurred noisy images with
BSNR = 20dB and BSNR = 30dB, respectively. Figures 9 and 13 show the restored
image by using Algorithm 2 for the blurred noisy images with BSNR = 20dB and
BSNR = 30dB, respectively. Figures 10 and 14 show the restored images by using
Algorithm 3 with hard thresholding, soft thresholding, and garrote thresholding for
the restoration of blurred noisy images with with BSNR = 20dB and BSNR = 30dB,
respectively. We find in Figures 8–10 and 12–14 that the proposed algorithms can
produce better restored images in visual quality and SNR than those by the restoration
methods using the combination of a data-fitting term and a regularization term.

Next we discuss the convergence of Algorithms 1, 2, and 3. Figures 15–17 give the
convergence curves of the three algorithms corresponding to Figures 8–10. Figures 18–
20 give the convergence curves of the three algorithms corresponding to Figures 12–14.

Here the y-axis refers to successive errors of the iterates: ‖f(k−1)−f(k)‖2

‖f(k−1)‖2
. We find that

the three proposed algorithms take about 15–25 iterations such that the successive
errors of the iterates are less than 10−4 (the stopping criterion). We also see that the
convergence rate is very quick in the first few iterations, and then it becomes slower,
especially when the successive errors are close to the stopping criterion.

In the second experiment, we test the proposed algorithms and compare with
other restoration methods using several different blurs studied in [13]:

(4.2) h(i, j) =

{ 1
1+i2+j2 , −7 ≤ i, j ≤ 7,

0 otherwise;

(4.3) h(i, j) = [1, 4, 6, 4, 1]T [1, 4, 6, 4, 1]/256.

1http://www.math.montana.edu/∼vogel/Book/
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Original Image

Fig. 5. The original image.

Blurred & Noisy Image Blurred & Noisy Image

Fig. 6. The blurred and noisy images for BSNR = 20dB (left) and BSNR = 30dB (right).
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ForWaRD, SNR:18.17  α:0.00098971 Wavelet , SNR:19.45 TV, SNR:18.98  α:0.19789

Fig. 7. The restored images by using ForWaRD [23] [SNR = 18.17dB] (left), wavelet regu-
larization in (1.2) [13] [SNR = 19.45dB] (middle), and TV regularization in 1.2 [SNR = 18.98dB]
(right).

SNR:21.94dB SNR:20.81dB SNR:23.01dB

Fig. 8. The restored images by using Algorithm 1 with hard thresholding (α1 = 0.018) [SNR =
21.94dB] (left), soft thresholding (α1 = 0.06) [SNR = 20.81dB] (middle), and garrote shrinkage
(α1 = 0.06) [SNR = 23.01dB] (right).
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SNR:20.82

Fig. 9. The restored image by using Algorithm 2 (α1 = 0.06) [SNR = 20.82dB].

SNR:22.28dB SNR:20.59dB SNR:22.61dB

Fig. 10. The restored images by using Algorithm 3 with hard thresholding (α1 = 0.018) [SNR =
22.28dB] (left), soft thresholding (α1 = 0.06) [SNR = 20.59dB] (middle), and garrote shrinkage
(α1 = 0.06) [SNR = 22.61dB] (right).

D
ow

nl
oa

de
d 

03
/2

4/
14

 to
 1

47
.8

.2
04

.1
64

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2670 YOU-WEI WEN, MICHAEL K. NG, AND WAI-KI CHING

ForWaRD, SNR:20.7  α:0.00032987 Wavelet , SNR:23.72 TV, SNR:22.44  α:0.019975

Fig. 11. The restored images by using ForWaRD [23] [SNR = 20.70dB] (left), wavelet regu-
larization in (1.2) [13] [SNR = 23.72dB] (middle), and TV regularization in 1.2 [SNR = 22.44dB]
(right).

SNR:27.08dB SNR:25.53dB SNR:28.33dB

Fig. 12. The restored images by using Algorithm 1 with hard thresholding (α1 = 0.005) [SNR =
27.08dB] (left), soft thresholding (α1 = 0.005) [SNR = 25.53dB] (middle), and garrote shrinkage
(α1 = 0.005) [SNR = 28.33dB] (right).

SNR:25.08

Fig. 13. The restored image by using Algorithm 2 (α1 = 0.02) [SNR = 25.08dB].
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SNR:27.27dB SNR:25.23dB SNR:27.64dB

Fig. 14. The restored images by using Algorithm 3 with hard thresholding (α1 = 0.005) [SNR =
27.27dB] (left), soft thresholding (α1 = 0.005) [SNR = 25.23dB] (middle), and garrote shrinkage
(α1 = 0.005) [SNR = 27.64dB] (right).
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Fig. 15. The convergence curves of Algorithm 1 with hard thresholding (left), soft thresholding
(middle), and garrote shrinkage (right).
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Fig. 16. The convergence curves of Algorithm 2.
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Fig. 17. The convergence curves of Algorithm 3 with hard thresholding (left), soft thresholding
(middle), and garrote shrinkage (right).
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Fig. 18. The convergence curves of Algorithm 1 with hard thresholding (left), soft thresholding
(middle), and garrote shrinkage (right).
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Fig. 19. The convergence curves of Algorithm 2.
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Fig. 20. The convergence curves of Algorithm 3 with hard thresholding (left), soft thresholding
(middle), and garrote shrinkage (right).

In the tests, we set the variances σ of noises that have been used in the published
papers [1, 2, 13, 14, 19, 20, 21, 23]. The detailed information about the tests is given
in Table 1. There are several image restoration methods [1, 2, 13, 14, 19, 20, 21, 23]
used for comparison. Their restoration results in their published work under the
same setting are listed in Table 2. In particular, we show the ISNRs of the proposed
algorithms and other restoration methods. The symbol “-” in the table indicates that
the settings are not tested in the corresponding published work. According to Table
2, we observe that the performances of our proposed algorithms are quite good and
are comparable to the other restoration methods in the literature.

5. Concluding remarks. We have proposed iterative algorithms for solving
image restoration problems. The iterative algorithms are based on decoupling of
deblurring and denoising steps in the restoration process. The main advantage of this
proposal is that the resulting algorithms can be very efficient and can produce better
restored images in visual quality and SNR than those by the restoration methods
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Table 1

The blurs, variances of noises, and original images.

Blur Noise variance Image Size
Example 1 blur in (4.1) 0.31 cameraman 256 × 256
Example 2 blur in (4.2) 2 cameraman 256 × 256
Example 3 blur in (4.2) 8 cameraman 256 × 256
Example 4 blur in (4.3) 49 Lena 256 × 256

Table 2

SNR Improvement in different examples.

Method Ex. 1 Ex. 2 Ex. 3 Ex. 4
Algorithm 1 with hard thresholding 8.46 7.53 5.64 2.90
α1 0.05 0.50 1.40 8.00
Algorithm 1 with soft thresholding 8.57 7.53 5.56 2.81
α1 0.02 0.10 0.40 1.60
Algorithm 1 with garrote thresholding 8.77 7.58 5.69 2.90
α1 0.06 0.40 1.40 4.80
Algorithm 2 8.81 7.52 5.56 2.58
α1 0.05 0.30 1.00 2.50
Algorithm 3 with hard thresholding 8.91 7.74 5.69 3.04
α1 0.006 0.10 0.27 1.60
Algorithm 3 with soft thresholding 8.51 7.39 5.46 2.74
α1 0.006 0.04 0.13 0.50
Algorithm 3 with garrote thresholding 8.87 7.60 5.69 2.91
α1 0.006 0.10 0.27 0.80
TV [3] 8.41 - - 2.80
ForWaRD [23] 7.34 6.72 4.95 2.26
EM [13] 7.59 6.93 4.88 2.94
BOA [14] 8.16 7.46 5.24 2.84
GEM [2] 8.10 7.40 5.15 2.85
Banham & Katsaggelos [1] 6.70 - - -
Jalobeanu et al. [19] - 6.75 4.85 -
Liu & Moulin [21] - - - 1.08
RI-RWI [20] 7.84 7.31 5.54 -

using the combination of a data-fitting term and a regularization term. Numerical
results have shown that the proposed algorithms are quite effective.
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soft wavelet shrinkage, total variation diffusion, total variation regularization, and SIDEs,
SIAM J. Numer. Anal., 42 (2004), pp. 686–713.

[31] D. Terzopoulos, Regularization of inverse visual problems involving discontinuities, IEEE
Trans. Pattern Anal. Mach. Intell., 8 (1986), pp. 413–424.

[32] A. Tikhonov, Solution of incorrectly formulated problems and the regularization method, Soviet
Math. Dokl., 4 (1963), pp. 1035–1038.

[33] C. R. Vogel, Computational Methods for Inverse Problems, SIAM, Philadelphia, 2002.
[34] J. B. Weaver, Y. Xu, D. M. Healy, and L. D. Cromwell, Filtering noise from images with

wavelet transforms, Magn. Reson. Med., 21 (1991), pp. 288–295.

D
ow

nl
oa

de
d 

03
/2

4/
14

 to
 1

47
.8

.2
04

.1
64

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


